The role of portfolio construction in the implementation of equity market neutral factors is often underestimated. Taking the classical momentum strategy as an example, we show that one can significantly improve the main strategy's features by properly taking care of this key step.
I. INTRODUCTION
A portfolio manager in charge of the implementation of a systematic equity strategy faces a number of challenges ranging from alpha signal research, allocation, risk and cost management, and portfolio construction. In this paper, we assume that alpha signals are available (taken for instance from the large literature on equity factors), and that a certain weighting scheme has been chosen. We then study the role of portfolio construction: more precisely, we are interested in how the information contained in a factor (which we will equivalently refer to as a predictor or signal) is translated into physical trades and positions.
As is well known, this problem was first tackled in a quantitative way by Markowitz [17] in 1952 in what is considered to be the first brick of Modern Portfolio Theory (MPT) [30] .
From a theoretical perspective, that paper set the scene for the research work of Sharpe [26] , Treynor [27] , Ross [23] , Roll [11] , Fama and French [10, 16] , Chen [6] and many others [3, 18, 19] , that led to the development of the Capital Asset Pricing Model and later on the Arbitrage Pricing Theory [22, 23] and factor modeling [5, 9] .
For the financial practitioner, the interesting statistical observation put forward by Markowitz is that by combining assets whose correlation is less than 1, one can significantly reduce the risk of the total portfolio. In more mathematical terms, the problem of maximising the expected gain under a risk budget constraint translates into a meanvariance portfolio construction algorithm. When applied to real-world situations, though, the Markowitz solution often ends up loading on a relatively small number of (supposedly) weakly correlated stocks. In practice, the mathematical solution is a function of the inverse of the stocks' covariance matrix which is known to be very noisy, that is, strongly dependent on the measurement protocol. Although a number of techniques has been proposed to "clean" the covariance matrix and shown to be quite efficient (see e.g. [4] for a recent review), the lack of robustness of the naive Markowitz solution is probably the main reason why the equal-weighted "1/N " approach has gained more popularity in the subsequent decades. As the story goes, Harry Markowitz himself would not apply the efficient frontier criterion to his personal portfolio, instead going for the simplest 1/N rule [29] .
Since then, academic research has been more devoted to the definition and identification of equity factors than to portfolio construction. Broadly speaking, equity factors can be classified into three different categories:
• Macroeconomic (exogenous) factors like oil prices, industrial production, inflation or surprises in the yield curve [7] ;
• Statistical factors, which can be extracted from empirical covariance matrices through statistical techniques such as the Principal Component Analysis (PCA); and
• Microeconomic or Fundamental (endogenous) factors, built as long-short equity portfolios aimed at capturing features like fundamental ratios, price-based indicators, or even industry or country membership.
The latter factors are by far the most popular and we will concentrate exclusively on them.
They include the well-known Value, Size, Momentum, Low-Volatility and Quality factors, among others (see e.g. [13, 25] ).
In the fist part of this paper we will pay particular attention to the Momentum factor [8, 14, 20, 24] . In a nutshell, a Momentum strategy consists in buying past winners and selling past losers. It is one of the oldest and most popular strategies in the financial market, and it has been proved to be successful across different asset classes, geographies, and time periods.
The equity market-neutral Momentum strategy is implemented in the single-name equity space and it corresponds to a long-short relative value portfolio which takes no net exposure to the market as a whole. The signal is usually defined as the cumulative performance of a stock over the past 12 months, where the last month is taken away [5] . Put differently, the momentum signal needs to be lagged by (at least) one month in order to get rid of the mean-reversion effect which is quite strong on that time-scale and as such would deteriorate the trend following performance. As our focus is on the role of the portfolio construction, the precise definition of the signal is not important in our study and we will stick to the classical academic definition mentioned above.
Our main results can be shortly summarized as follows: In order to get statistically significant results, robustness across regions and epochs, and better performance profiles, the portfolio construction step plays a crucial role. The Markowitz solution, when the correlation cleaning is correctly taken care of, leads to better results for the main equity factors in almost all cases we considered.
II. SETTING THE STAGE: DATA, SIGNAL, RISK, AND METHODOLOGY
We will use daily stock data in the period 1996-2018 (sources: Bloomberg and Reuters) on the following geographical zones:
• US: the 1000 most liquid stocks in the Russell 3000 Index. More in detail, we compute the aggregated Average Daily (dollar) Volume over 3 months and take the 1000 most liquid stocks as our investment pool for the next quarter. This puts us in a realistic, causal set-up. The same liquidity-based procedure is applied to the below pools.
• Canada: we first collect quarterly data about company fundamentals from Bloomberg and select the 500 largest cap stocks from which we extract the 200 most liquid stocks.
• Europe: this zone includes the UK in addition to developed markets in continental Europe. Here too we first take the 2000 largest cap stocks and then select the 1000 most liquid stocks among them.
• Japan: the 500 most liquid stocks in the TOPIX index.
• Australia: we take the 500 largest cap stocks and then select the 200 most liquid stocks among them.
We also independently back-test our strategies on CRSP data, that is US daily data since 1927, in order to get a higher level of statistical significance. Here as well, we build a pool with the 1000 most liquid stocks (to note, there are less than 1000 stocks in the CRSP data base until about 1950, but this number is always larger than 1000 since then).
The annualized volatility of the performance will be chosen as the risk metrics, but special attention will be devoted to tail events and tail correlation with the market. We will assume to have a normalized, ranked predictor p i on stock i that is uniformly distributed in [−1, +1] and will test the following (known) techniques.
FF: Following Fama and French (FF), we put on the buy-list the top 30% of the stocks, on the sell-list the bottom 30%, and take long or short positions accordingly. These positions are taken proportionally to market-cap.
Neutral: We take a position x i on all the stocks i, proportionally to the predictor: x i ∝ p i . The resulting portfolio is cash neutral by construction. This portfolio is supposed to be more diversified than FF, and positions evolve more continuously with time.
Beta: In the two previous examples, market neutrality is not necessarily ensured because the single-stocks' sensitivities to the market (i.e. the β's) may be different. One simple way to deal with that is to compute the aggregate β of the long and short legs separately, and rescale them such that the overall β is zero. Here the β is computed from a simple 1-year statistical regression of a one-factor model, where the driving factor is identified with the market-cap weighted index.
Betaopt: Another way to implement the β neutrality while maximising the expected gain as defined by the predictor is to solve the following optimization problem:
where C ij is the covariance matrix of the stocks' returns and everything is in vectorial notation such that (x) i = x i . The rationale behind the optimization problem in (1) is that we are looking for a portfolio which is as close as possible to x i = p i while respecting the Beta neutrality. The solution to the above problem is given by
which, by substituting β ∝ Cw (where w is the weight vector in the index), can be conveniently rewritten as
where no matrix inversion is needed [31] . Note that if β coincides with the first eigenvector of the covariance matrix C then the portfolio is simply built as a predictor whose projection to the β vector is removed.
Markowitz: The classical solution to the portfolio construction problem is (at least formally) given by the Markowitz solution, that is x i ∝ C −1 p i . As already mentioned in the introduction, the empirical covariance matrix is extremely noisy and has to be "cleaned" before the inversion. Here, we only keep the k largest eigenvectors of the covariance matrix, which correspond to the so-called statistical factors.
The covariance matrix is computed empirically from individual stock returns, usually taking at least two years of historical close-to-close daily returns (see e.g. [4] for a discussion on how long the time series should be for a pool of stock of a certain size). That matrix is then diagonalized and the top eigenvectors (that is, the eigenvectors corresponding to the top eigenvalues) are extracted: these are called "modes" or "statistical factors". It is interesting to elaborate more on the role of the statistical factors in the development of the Markowitz solution. The k = 1 factor, also called the "market mode", can be seen as a portfolio where most if not all stocks are aligned in the same direction (more or less so, depending on their sensitivity to a macroeconomic move, that is, their individual β's). As a consequence, the corresponding Markowitz solution is close to the β-neutral cases above. The factors for k > 1 are less universal and are typically related to industry sectors, or to groups driving the local economy [21, 28] . For example, the k = 2 statistical factor of an Australian pool of stocks usually exhibits a large (say) positive exposure to Basic Materials and/or Energy stocks, and a negative exposure to Financial stocks. The k = 2 statistical factor on another pool is in general different (it could be UK vs continental stocks in Europe, for instance, or
Consumer-Non-Cyclical vs Consumer-Cyclical in Japan). The idea behind the eigenvalue methodology is that one can let the covariance data speak and identify the main risk drivers on any pool of stocks, which themselves may change in time. The Markowitz solution will then automatically reduce the portfolio's exposure to these risk drivers accordingly. The choice of k can be optimized in different ways [4] , but we will instead test a few values up to k = 5 in order to better understand its role in the present study.
In more formal terms, we will do the following approximation:
where σ i is the volatility of stock i, λ α , and v α are respectively eigenvalues and eigenvectors of the correlation matrix, and the diagonal variance term ε 2 is chosen such that the total variance of the portfolio is unchanged, i.e. TrC = i σ 2 i . In any of the above setups, the portfolio is rebalanced on a daily basis. The world-wide portfolio is built as a flat average of the various local portfolios [32] . In order to compare the different portfolio construction methods, each world-wide portfolio has been rescaled in order to have the same average risk over the total back-test period. control (albeit indirectly) the average sector exposure. This monotonous behaviour is indeed observed in the plot. As sectors behave more like indexes than like stocks, and thus exhibit a negative skewness, we expect this empirical fact to have consequences on the tail distribution of the P&L as well (see next section).
IV. MOMENTUM: SKEWNESS AND TAIL CORRELATION
The results shown so far suggest that the better performance of the Markowitz approach is a consequence of a tighter control of the risk of the portfolio, at least in terms of bulk metrics like variance, correlations, and average exposures.
But what about the skewness or the tail risk of the strategy? This is known to be an issue for many equity factors, with Momentum as a case in point. More precisely, the Momentum tail risk is mostly due to strong market rebounds. For these reasons, we will now look explicitly at the skewness and the tail correlation of Momentum with the market. Fig. 4 shows the weekly skewness of the world-wide (left) and US long term (right) Momentum strategy. We follow the approach introduced in [15] to visualize and compute the skewness of a P&L. The idea is to reorder the weekly P&L data based on the amplitude (i.e. absolute value) of the weekly P&L itself. This allows one to easily visualize how negative (if at all) are the contributions of the most volatile weeks. Or, equivalently, what would be the total P&L if one was able to manage or hedge away the largest contributions (positive or negative). The market-cap index, which is known to be strongly negatively skewed, is also shown for comparison on the same graphs. We find a confirmation of the negative skewness of the Momentum strategy; moreover, the cash-and β-neutral approaches have heavier negative tails than FF and Markowitz.
One can learn more about the tails of the distribution by investigating the strategy's behaviour when the market-cap weighted index is either at a local minimum, or at a local maximum. Momentum is known to perform poorly when the market rebounds after a longlasting draw-down. The usual explanation relies on the role of Value investors which step in after a long crisis and massively buy the stocks that look cheap based on some fundamental metrics. These stocks probably went down more than the average in the recent past and as such are more likely to sit on the short leg of a Momentum portfolio. We will now confirm that this picture is broadly correct, but once again it is dependent on the portfolio construction.
To this end, we introduce an operational definition of market kinks, which is illustrated in Fig. 5 and explained in the corresponding caption. The relevant parameter here is the depth of the local draw-down (or draw-up) measured in units of the (causal) rolling volatility. We then compute, for different values of this parameter, the average performance of the strategy over the next month. Here we want to quantify the extent to which the negative skewness is related to market rebounds, and how it depends on the portfolio construction.
In the left panel of Fig. 6 we see that all the score-based portfolio schemes except the Markowitz portfolio perform negatively after the index rebounds from a local minimum while the Markowitz portfolio is slightly positive. This feature in fact plays a major role in explaining why the overall performance is better. Moreover, the Markowitz portfolio is also among the best performing portfolios after the market hits a local maximum (right panel).
V. OTHER EQUITY FACTORS
The main message of the previous sections is that the Markowitz portfolio construction is, for a number of reasons ranging from risk control to tail correlation management, the best way to extract returns from a Momentum signal. But what about the other equity factors? In other words, how universal is this result? Wide market index with vertical bars placed in corresponence of local maxima/minima identified by the following procedure. We first find local minima over periods of 9 weeks. If the corresponding draw-down is larger than n times the weekly volatility, then we retain the subsequent 4 weeks to compute the strategy's statistics in Fig. 6 . Local maxima are identified in a similar way. From left to right we show resulting kinks for respectively n = 1, n = 2 and n = 3. We have back-tested (using the same data and the same approach as before) many other fundamental equity factors and the results are very similar. We apply standard definitions of factors as can be found in the literature:
Accrual: is computed as the yearly increase of Net Operating Assets normalized by total assets ranked from lowest to highest.
Book value: total equity / market capitalization (lagged by 1 month) and ranked from lowest to highest. Quality: Net Income / total assets (lagged by 1 month) and ranked from lowest to highest.
Low Beta: the beta of each stock is computed from the first statistical factor (i.e. the Beta vector is the √ λ 0 v 0 ) and ranked from highest to lowest.
Low Vol: we compute a 180 days rolling volatility (lagged by 1 month) and rank from highest to lowest.
Momentum: we compute 230 days rolling average returns (lagged by 1 month) and rank from lowest to highest
Size: we compute 250 days rolling averages market capitalizations (lagged by 1 month) and rank from highest to lowest Fig. 7 shows that the Markowitz portfolio construction generates the highest Sharpe Ratio 8 times out of 11, and is neck-and-neck with Beta 2 times out of 11. The three "bad" cases are Dividend yield and Earning Yield, and in particular Book-value, whose performance is negative for all portfolio constructions. In some good cases, like for Momentum or the Accrual anomaly, the effect is quite spectacular. As for the Size effect, it seems to be the only way to get a positive Sharpe Ratio from the small-cap premium, although statistical significance may be debated.
Another interesting observation is that the low-risk models (Low-Vol and Low-Beta) can be significantly improved by simply choosing β-neutrality over cash-neutrality. This makes sense as long positions on less risky stocks need to be leveraged in order to achieve market neutrality, and that mechanically generates the net long exposure needed by the model (see [2] for more details on this point).
FIG. 7:
The world-wide Sharpe Ratio for the main equity factors, and for all the portfolio constructions.
VI. INTRODUCING TRANSACTION COSTS
In this section we perform one more step towards reality as we include transaction costs in the portfolio construction problem. In the previous sections, this point was completely neglected and every day the portfolio was supposed to be built from scratch with no memory of previous positions. This is clearly unrealistic, so we briefly touch on this point now.
When executing orders, one faces a number of different costs: we can group them into three categories. There are commissions, including broker and exchange fees; linear costs, related to the bid-offer spread; and slippage costs, which are super-linear and take market impact into account. In a simplified set-up, we will neglect slippage costs as these would require a dedicated section on how we model them, and how we calibrate the parameters in the model. We will take all the linear costs into account: commissions, and half-spread costs.
When applied to the Momentum' portfolio mark-to-market, these costs have a strong impact on the total performance (see Fig. 8 ). The Sharpe Ratio actually becomes negative for all the approaches. This is due to the fact that these costs were not considered by the algorithm and the daily turnover, as a consequence, is artificially high. The key observation is that the Markowitz approach, as opposed to the others, allows for a generalization of the optimization problem which takes these costs into account. The mathematical formulation of the problem gets more involved and the details can be found for instance in [1, 12] . Here we report the main results.
The last curve in Fig. 8 (brown colour) is the result of the generalized Markowitz problem.
In practice, the algorithm finds the optimal frequency at which the predictor should be slowed-down (similar to an exponential moving average) in order to maximise the gain left after execution costs are removed. As a result, the Sharpe Ratio computed before applying the cost formula is a bit worse than the "pure" one (1.15 vs 1.19). The main advantage is that if we now include the costs in the mark-to-market, the Sharpe Ratio gets reduced by only 15% and we are left with SR=1.
VII. CONCLUSIONS
In this paper we have shown that the portfolio construction process plays a crucial role in the implementation of an equity market neutral strategy. Although most of the details have only been shown for the Momentum strategy, the main results hold true for many classic equity strategies. We have shown that the portfolio construction step may lead to quite large differences in the resulting performance. We believe that this explains to a large extent the dispersion usually observed among market neutral managers.
As discussed in the paper, the Markowitz approach, once the correlation cleaning problem is properly dealt with, is the best way to deal with complex covariance structure in the singlename security space. This is clearly observed from a performance and risk perspective, whether bulk or tail metrics are considered.
Of note, the Markowitz approach lends itself to a straightforward generalization to the multi-signal case, at odds with e.g. the FF scheme which involves creating multiple embedded buckets of stocks where the ordering of signals plays a role in the construction of the portfolio.
We have also addressed the question of transaction costs, and how to build a portfolio construction algorithm that would slow-down the predictor in order to make the system trade as little as possible. It turns out that the main results of the present paper generalize when one uses a dynamical Markowitz approach that accounts for costs [1, 12] .
